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One might say that I had found a pearl. But, as with pearls, its value would increase if it was unique. So, leaving the gate slowly, looking down at the ground to concentrate while walking, I started with 1 and doubled, searching for more pearls, hoping to find none.
My mind managed to double to 4, 096, but it then had problems going on without messing things up. I therefore waited till I had pencil and paper at hand, and remembered something I had read about Lipman Bers, a famous mathematician:
As a committed social democrat, he was somewhat self-conscious of having devoted his life to the mathematics from which he derived so much pleasure. He said, "Here I am, a grownup man, worrying about whether the limit set of a Kleinian group has positive measure and willing to invest a great deal of effort to find the answer." [1, page 18] Why would I care if 128 was the only power of 2 with all its digits also powers of 2? I could think of only two reasons. I had discovered the problem and that made me proud. I couldn't leave my discovery without following its path. The second reason was that I thought my discovery would impress my girlfriend. Especially if I could come up with a solution. I was obviously hoping for more than Lipman Bers:
Mathematicians work for the grudging admiration of a few close friends [1, page 17] .
A third reason came a bit later. I had no idea if the problem was hard or trivial. How creative could I be trying to crack it? And, if I couldn't crack it, how far could I go? These were some of my thoughts, along with a pedagogical one, what makes a student study problems just for the heck of it? How do we create an environment to stimulate it? Armed with paper I was able to double fifty times without finding another pearl. Suddenly, I had a brilliant idea! I would concentrate on the last two digits and throw away anything to the left of them. That gave me the sequence 01 02 04 08 16 32 64 28 56 . . .
My hope was that the numbers would soon repeat. I would then throw away all numbers that had other digits than 1, 2, 4 and 8, and study the remaining numbers. It left me with these survivors: 28(7) 12(9) 24(10) 48 (11) 84(14) 44 (18) 88(19) An explanation may be in order. 2 7 ends in 28 and is therefore a candidate. The sequence repeats itself after 20 multiplications by 2, so 2 20 × 2 7 is also a candidate. In general, 2 20k+7 is a candidate where k = 0, 1, 2, · · · . There are seven of these candidate groups.
(A pedagogical side note added a year later than the writing of the original piece: I had to read the preceding paragraphs a few times till I understood what I had tried to convey. This is in my mind not a bad thing. If one takes the idea of students constructing their mathematical knowledge seriously, vagueness in exposition is to be applauded. Textbook writers often go to the other extreme. They drown their students in words and explanations, robbing the reader of any opportunity of actual thinking. György Pólya expressed it in his ninth commandment for teachers: ". . . let them find out for themselves as much as feasible" [3] .)
My hope was that if I cast my net a bit wider, using the last three digits, the number of groups would go down. My dream was that by looking at enough digits only one candidate group would remain.
Was the dream justified? I thought. The thought was interrupted by another thought. "A dream is a dream. A starting point. To ask if the dream is justifiable takes time and energy away from finding out where the dream leads you!" I had these two voices fighting in my head. I followed the second voice as I was more concerned with the joy a mathematical journey might provide, and not if it led to a safe harbor.
With three digits I found the sequence to repeat after 100 steps and, sad to say, with as many as 13 candidate groups: 128(7) 144 (18) Again, I was disappointed. The number of candidates increased instead of decreasing. It struck me that I got seven and thirteen groups, just as above. Hardly a coincidence I thought, as I rushed to attack at a different front.
I had said to myself earlier that I was in it for the mathematical journey, not for the end result. But this was not fun! The waves were too high and too frequent. I was not demanding smooth sailing, but some success would have been appreciated. I repeated Piet Hein's grook over and over, before I pressed on. When we start with the digit 0, we get 0 or 1, depending on if there was a carry or not. Assume the chance for a carry is 50%. 0 is not a power of 2, but 1 is, so the chance for getting a power of 2 with the digit 0 is 50%.
When we do the same calculation with the other digits we find this: 0 1 2 3 4 5 6 7 8 9 0/1 2/3 4/5 6/7 8/9 0/1 2/3 4/5 6/7 8/9 50% 50% 50% 0% 50% 50% 50% 50% 0% 50%
Since 2 50 has 16 digits the chance for 2 51 to be a pearl is therefore about (50%) 16 = 0.000015. (We ignore the fact that rightmost digit will not have a carry to worry about and that the result may have a seventeenth digit at the left.) As the number of digits increases as we continue to multiply by 2, the likelihood for another pearl to appear will drop towards zero. I wrote a computer program in Visual Basic that doubled 1 ten thousand times and counted the number of "ugly" digits for each number. 2 1,000 has 3, 011 digits and 1, 785 of them are ugly, i.e., not 1, 2, 4 or 8. By the way, no pearls, other than 128, were found. The likelihood that 2 1,001 is a pearl is in the range of 0.5 1,785 which happens every time you throw heads 1, 785 times in a row. Please email me when this happens! After this playing around, I looked 128 up in Penguin's Dictionary of Interesting Numbers [4] . The book states the problem, so I was not the first to discover it, but it says that no one knows if 128 is the only pearl.
A computer will not create numbers with one thousand digits if you don't find a creative way to manipulate them. Here then is 2 10,000 as a final attempt to get some admiration for my futile attempt at the gate of discovery:
